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Any graph is a subgraph of a Cayley diagram. Planar graphs are subgraphs 
of planar Cayley diagrams. All Cayley diagrams mentioned are of (not usually 
free) presentations of free groups. A class of presentations of free groups is 
found whose graphs contain all planar graphs as subgraphs. 
INTRODUCTION 
It will be shown that every graph is a subgraph of a Cayley diagram of 
a free group of rank one less than the number of vertices of the graph. 
Planar graphs are subgraphs of planar Cayley diagrams of presentations 
of free groups in which the number of generators equals the rank of the 
group plus the number of relators in the presentation, 
1. EMBEDDINGS OF ARBITRARY GRAPHS IN CAYLEY DIAGRAMS 
THEOREM 1. Let y be any connected graph. Then y is isomorphic to a 
subgraph qf a Cayley diagram of a group presentation. 
Proof. If the edges of y are not already directed, direct them arbitrarily 
and call the result r. Let E be the set of edges of r, V the set of vertices 
of r, and S the set of simple circuits of l7 Consider a vertex v E V. 
Construct as many copies of r as there are elements in U = V - {v}. 
Call them I’,,, ; u E U. Each r,,, contains a vertex u corresponding to the 
vertex u E V. Identify the vertex u in each r,,, with v in r. The new vertex 
resulting from this process of identification has a copy of each original 
edge in r incident to, and exiting from, it. Call this process of identifying 
different copies of all other vertices of r with u r-saturating U. r-saturate 
all vertices of r, thereby introducing (many more) new un-r-saturated 
vertices in the r,,, which were added to r-saturate all the vertices of I’. 
This process is pictured in Figure 1 for r as a triangle. 
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Continuing this F-saturation process infmitely on all new and introduced 
un-F-saturated vertices results in an infinite homogeneous directed graph, 
C, in which each circuit of F is incident (or a copy of one is incident) to 
each vertex, no simple circuits not contained in r or its copies are intro- 
duced, and at each vertex of C a copy of each directed edge of r is incident 
once and exiting once. Thus C is the Cayley diagram of the group presen- 
tation 
G = <x(,,,) , Vu, 0) E E; &(x(wd = 1, Vc E Q, 
where x(,,,) is the generator identified with the directed edge (u, v), and 
R,(q,,,)) is the word in the xc,,,) formed by juxtaposing the q,,,) , with 
proper exponents, associated with the directed edges, (u, a), of a circuit, 
c E S, in the order in which the edges appear in c. Q.E.D. 
COROLLARY 1. If y is planar, it may be embedded in a planar Cayley 
diagram of a group presentation. 
Proof. Identifying a vertex in one planar graph with a vertex in another 
distinct planar graph results in a planar graph by the well-known result of 
Battle, Harary, Kodama, and Youngs [l]. If y were planar, each step in 
the total r-saturation process would result in a planar graph. Q.E.D. 
COROLLARY 2. Any connected graph, y, may be embedded in the Cayley 
diagram of a free group, F, whose rank is the cardinality of the edge set 
of a maximal subtree of y. 
Proof. Let y be a connected graph and C the Cayley diagram of the 
group presentation as constructed in the proof of Theorem 1. Using 
Konig’s theorem [2], choose a maximal tree, T, from r and consider its 
edge set ET. The generators q,,,) corresponding to the edges (u, V) E ET 
generate G, for each q,,,) E E - ET may be expressed as a word in the 
x(,,,) corresponding to the edges in Er . The edge (a, b) together with some 
or all of the edges in ET forms a simple circuit c E r, else the maximality 
of the tree T is contradicted. This circuit, c, corresponds to the relator R, 
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of G in which the symbol xc,,,) appears only once. Thus R, = 1 may be 
solved for x(,,~) in terms of the x(,,,) corresponding to the edges of T. 
Since Tis a tree, there are no circuits in the (u, v) E ET to give rise to relators 
among the x(,,,) corresponding to the (u, a) E ET. Thus the x(,,,) , 
V(u, v) E ET freely generate G, and G is free of rank equal to the cardinality 
of ET (although, in general, G is far from a free presentation). Q.E.D. 
COROLLARY 3. If the number of vertices of a finite connected graph, y, 
is n, then y may be embedded in the Cayley diagram of a presentation of a 
free group of rank n - 1. 
Proof. The well-known fact that the number of edges in any maximal 
subtree of a connected graph on n vertices is n - 1 may easily be proved 
by induction. Q.E.D. 
Theorem 1 and its corollaries may be extended to the case of arbitrary, 
not necessarily connected graphs. For y disconnected, the construction in 
the proof of Theorem 1 yields an infinitude of isomorphic Cayley dia- 
grams, each of which is the graph of the group presentation for the free 
product, without amalgamation, of the separate group presentations in 
whose graphs the connected components of y are distinctly embedded. 
If the genus of a graph is not 0, the Cayley diagram obtained by the 
above construction is of infinite genus by Theorem 2 of Part I of this series 
[3]. It remains to be determined whether, given a graph of genus n # 0, 
there exists a Cayley diagram also of genus n containing a subgraph 
isomorphic to the given graph. 
2. CAYLEY DIAGRAMS CONTAINING ALL FINITE PLANAR GRAPHS 
THEOREM 2. Let the genus of a graph, r, be g, its number of vertices v, 
and its number of edges e. Then r may be embedded in the Cayley diagram 
of a free group of rank v - 1 presented on e generators and e - v + 2 - 2g 
relators the sum of whose Iengths is 2e and in which each generator is either 
shared by exactly two relators, appearing in each only once, or appears 
exactly twice within one relator. Each of these relators is a consequence of all 
the rest, but no more than one relator is the consequence of the others. 
Proof. The problem is to describe all simple circuits of r in terms of 
e - v + 2 - 2g circuits, themselves not necessarily simple. Consider a 
2-cell embedding of r on a compact orientable 2-manifold M of genus g. 
From the extended Euler formula for polyhedral embeddings on compact 
orientable surfaces of arbitrary genus, the number of 2-cells in the com- 
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plement of r in M is e - v + 2 - 2g. Each 2-cell either shares an edge 
with exactly one other 2-cell, or (once) with itself. Each given 2-cell has, 
as its complement, a juxtaposition of all the other 2-cells in which their 
(oriented) edges cancel (internally), or juxtapose to form the boundary 
of the given 2-cell. No two 2-cells have, as their complement, 2-cells which, 
when fitted together as they originally were, combine to yield only the one 
or the other of the complements of the given 2-cells, and not the com- 
plement of both simultaneously. Since each circuit in r may be described 
in terms of the 2-cells it bounds, any consequential relation in the group 
presentation of F,-, , upon e - v + 2 - 2g relators corresponding to the 
boundaries of the 2-cells, may be derived from these relators. Thus the 
e - v + 2 - 2g relators satisfy the conclusions of the theorem. Q.E.D. 
THEOREM 3. Let G be a presentation of the free group of rank v - 1 on 
e generators and k relators the sum of whose lengths is 2e and in which each 
generator appears exactly twice among all the symbols of all the relators, 
once to the exponent +l and once to the exponent - 1. Each proper subset 
of the relators shares at least one generator with its complement. Further, 
let each relator be the consequence of all the rest, but no two or more relators 
be the consequences of fewer than k - 1 relators. Then, if e - (k - 1) = 
v - 1, the graph of G is planar. 
Prooj: Construct k 2-cells and direct and label the segments of their 
boundaries, in similar orientations, according to the exponents and 
generators of the relators of G. Fitting them together by identifying edges 
labeled with the same generator, joining at most one edge of any as yet 
separate 2-cell with an edge of the aggregate of already joined 2-cells, 
results in a single planar region whose interior, including already 
juxtaposed former boundary segments of 2-cells, is simply connected. 
The boundary of this region consists of pairs of oppositely directed 
segments. The fact that these pairs are oppositely directed means that 
completion of the process of identification of segments labeled with similar 
generators will result in a compact orientable 2-manifold. This results 
from the condition that each generator appear exactly twice with opposite 
exponents, as did the fact that none of the 2-cells needed reflection in 
order to effect their initial juxtapositions. 
We now have a 2-cell embedding of a directed edge-labeled graph r on 
a compact orientable 2-manifold A4 of some genus, g. Each circuit of 
r is describable via juxtapositions of the k circuits corresponding to the 
boundaries of the original k 2-cells from which M was constructed. By 
Theorem 1, I’is embeddable in the Cayley diagram of a group presentation 
which is, in fact, G. By Theorem 2, G may be a presentation upon 
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e - v - 2 - 2g relators any one of which is the consequence of the rest, 
etc. Thus k = e - v + 2 - 2g, and applying the premise that 
e - (k - 1) = v - 1, we have 
e - ((e - v + 2 - 2g) - 1) = v - 1, 
which yields g = 0. The conclusion follows from Corollary 1 of Theorem 1. 
Q.E.D. 
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